In the following, we offer a theoretical approach that attempts to explain (Comments 1-3) why and when the Macaulay duration concept happens to be a good approximation of a bond's price sensitivity. We are concerned with the basic immunization problem with a single liability to be discharged at a future time q. Our idea is to divide the class K of all shifts a(t) of a term structure of interest rates s(t) into many classes and then to find a sufficient and necessary condition a given bond portfolio, dependent on a class of shifts, must satisfy to secure immunization at time q against all shifts a(t) from that class. For this purpose, we introduce the notions of dedicated duration and dedicated convexity. For each class of shifts, we show how to choose from a bond market under consideration a portfolio with maximal dedicated convexity among all immunizing portfolios. We demonstrate that the portfolio yields the maximal unanticipated rate of return and appears to be uniquely determined as a barbell strategy (portfolio) built up with 2 zero-coupon bearing bonds with maximal and respective minimal dedicated durations. Finally, an open problem addressed to researchers performing empirical studies is formulated.
Introduction
Consider an investor who possessing C dollars today must achieve an investment goal of L dollars (L > C) q years from now by means of a purchase of appropriately selected bond portfolio (BP). If not successful, he/she will incur a penalty, while achieving more than L dollars will result in practically no rewards. Such investors are called bond immunizers. It is natural to assume that C is the present value of L dollars.
By the term structure of interest rates, one understands a schedule of spot interest rates s(t) which is estimated from the yields of all coupon-bearing bonds available on a given debt market M under consideration. The basic immunization problem (BIP) relies on a construction of such a bond portfolio BP with the present value of C dollars that the single liability to pay L dollars (L is the future value of C) q years from now will be discharged by means of the inflows c(t) generated by portfolio BP, no matter what shocks/shifts a(t) of s(t) will occur.
The new term structure is always of the form: s*(t) = s(t)+ a(t)
with a(t) standing for a shift / shock of our term structure s(t), which satisfies Assumption 1 only. The function s(t) can exhibit various behaviors, for example, it can be flat, rising, declining, humped, or twisted. The classical results refer to flat shifts a(t) and flat term structures s(t), and they go back as far as to the pioneering work of Macaulay (1938) , Redington (1952) , and Fisher (1971) .
In this paper, we approach the BIP by dividing the set K of all possibly shits a(t) into infinitely many classes K v and then solve BIP for each of these classes separately, with durations D v accordingly tailored to the specifics of the class K v . Similar to Zheng in (2002) and (2007), we are not interested in building or borrowing from the literature a more or less accurate stochastic or deterministic model of the term structure s(t), as is the case in some publications, for example, Bansal and Zhou (2002) and Litterman (1991) , simply because the specifics of term structure models will not play any role in our studies, as is stated in our Assumption 1.
100
Leszek Zaremba
Assumption 1
All shifts a(t), as well as all realizations of the governing term structure s(t), are continuous functions.
As of today, however, no one was successful in building up a bond portfolio BP, with the present value of C dollars, whose value at a future time q would never be less than the future value of C dollars (L dollars) at time q, no matter what shocks a(t) of the term structure s(t) will occur in the future.
As a matter of fact, it was demonstrated (Corollary 2) in a recent paper by Zaremba and Rządkowski (2016) that given an arbitrary bond portfolio BP, the set of all continuous shocks a(t) of any continuous term structure s(t), against which BP is immunized, is an (m − 1) dimensional linear subspace in the m-dimensional linear space K of all continuous shifts a(t), with m standing for the number of instances when BP promises to pay cash (coupons or par values)
Our goal in this paper is fourfold: For this purpose, in 2010, a Hilbert space approach was used with orthonormal polynomials playing the major role, while in 2015, the key role was played by the so-called triangular functions.
As far as goals (iii) and (iv) are concerned, similar problems were already investigated in Zaremba (1998) for proportional shifts explored earlier by Elton and Gruber (1995) and next in Zaremba and Smolenski (2000) for the so-called generalized proportional shifts. However, in these two papers, rates of return were compounded in a discrete manner, while the continuous compounding framework is used in this paper.
Initial considerations
The inspiration as how to divide set K of all shifts a(t) of the term structure s(t) into infinitely many classes v Κ will come soon from Equation (2).
The resulting division into classes v
Κ is presented in Section 3.
Before we arrive at Equation (2) , which can be formulated as the following.
Fact 1
Let q denotes a future date when a single liability of L dollars has to be discharged by means of the cumulated value of the inflows generated by some bond portfolio BP whose present value equals the present value of L. In addition, let Assumption 1 holds.
Then the payment of L dollars at time q will be guaranteed (immunization will be secured), provided the following necessary and sufficient condition, having nothing to do with the kind of dynamics of the continuous term structure s(t) of interest rates, but referring solely to its continuous shifts a(t) holds: 
In case of scenario (a), when the new interest rate s*(q) at time q remains the same as it was before the shift a(t) has occurred, that is s*(q) = s(q) + a(q) = s(q), the right-hand side of (2) must be equal to 0.
Fact 2a
Assume a shift a*(t) satisfies two conditions: 
Proof. Observe that all i t are positive numbers, k w are nonnegative, and consequently, the right-hand side of Equation (2) As the right-hand side of Equation (2) equals 0, the condition (4) follows.
Fact 2b
Assume that a shift a*(t) satisfies two conditions: Then the only immunizing bond portfolio against shift a*(t) is the one (if it exists on the debt market M), say B*, that matures at time q and reduces to a zero-coupon bond. If, however, such B* is not tradable on bond market M, then there is no immunizing bond portfolio against a*(t). In what follows we will be dealing with the most general scenario (b) when 0 a(q)  . In such a case, we can rewrite Equation (2) 
so that Fact 1 can be reformulated as follows.
Fact 3
Let q denotes a future date when a single liability of L dollars has to be discharged by means of the cumulated value of the inflows generated by bond portfolio BP. In addition, let Assumption 1 holds.
Then, assuming that all admissible shifts a(t) belong to class v Κ , the payment of L dollars at time q will be secured provided the following necessary and sufficient condition holds: In other words, we treat all copies of the same type of bond as just 1 bond (1 cash flow) and denote it by k B depending on the type of a bond.
Fact 4 tells us that Formula (11a) can be further generalized. based on historical data. As a result of such research, it might, for example, happen that on some real debt markets, for example, in Japan, Kazachstan, and Poland, the Macaulay duration would occur not to be "the most cost-effective immunization method."
However, we will prove in Theorem 1 that for those bond immunizers who maximize the unanticipating rate of return, the knowledge of all coordinates of the vector
is not really needed (see, Comment 2). To prove Theorem 1 in Section 5, we will need the following assumption. 
Dividing both sides by the present value of BP, that is, PV[ ) s( ] , we obtain the following relationship for the unanticipating rate of return (occurring on the left-hand side of the following equality): We can now rephrase formula (17b) into a more convenient (handy) manner as follows.
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Fact 6
Suppose a bond portfolio BP had been purchased and then the term structure s(t) of interest rates switched to its new level s*(t) = s(t) + a(t).
Then the unanticipated rate of return resulting from the purchase of BP satisfies the relationship 
5
Maximizing the unanticipating rate of return
In this section, we approach the problems formulated in (iii) and (iv), namely, we want to characterize/identify the bond portfolios P B 
We start by proving that all but two weights i 
